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GALKIN’S LOWER BOUND CONJECURE FOR LAGRANGIAN AND
ORTHOGONAL GRASSMANNIANS
DAEWOONG CHEON AND MANWOOK HAN
Abstract. Let M be a Fano manifold, and H⋆(M ;C) be the quantum cohomology ring
of M with the quantum product ⋆. For σ ∈ H∗(M ;C), denote by [σ] the quantum mul-
tiplication operator σ⋆ on H∗(M ;C). It was conjectured several years ago [7, 9] and has
been proved for many Fano manifols [2, 1, 14, 11], including our cases, that the operator
[c1(M)] has a real valued eigenvalue δ0 which is maximal among eigenvaules of [c1(M)].
Galkin’s lower bound conjecture [8] states that for a Fano manifold M, δ0 ≥ dim M + 1,
and the equlity holds if and only if M is the projective space Pn. In this note, we show
that Galkin’s lower bound conjecture holds for Lagrangian and orthogonal Grassmannians,
modulo some exceptions for the equality.
1. INTRODUCTION
Let M be a Fano manifold. The quantum cohomology ring H⋆(M,C) is a complex
vector space H∗(M,C) together with the quantum multiplication ⋆, a deformation of the
cup product of the ring H∗(M,C). For σ ∈ H⋆(X,C), define the quantum multiplication
operator [σ] on H⋆(X,C) by [σ](τ) = σ ⋆ τ for τ ∈ H⋆(X,C). Galkin’s lower bound
conjecture (for short, GLBC) is related with and preceded by the so-called Property O
which some manifolds may enjoy. So let us first address Property O. See [7, 9] for details
on property O. Let δ0 = δ0(M) be the absolute value of a maximal eigenvalue of the
operator [c1(M)], where c1(M) denotes the first Chern class of the tangent bundle of M. A
manifold M is said to have property O if
(1) δ0 is an eigenvalue of [c1(M)].
(2) The multiplicity of the eigenvalue δ0 is one.
(3) If δ is an eigenvalue of [c1(TM)] such that |δ| = δ0, then δ = δ0ξ for some r-th root
of unity, where r is the Fano index of M.
GLBC concerns the real number δ0. Once a manifold M has property O, then δ0 would
become an eigenvalue of [c1(M)]. In fact, Galkin, Golyshev and Iritani conjectured that
Fano manifolds have property O ([7, 9]), and it turned out that this is the case for many
Fano manifolds [2, 1, 14, 11]. In particular, we have
Proposition 1.1 ([2]). General homogeneous manifolds G/P have property O.
Let LG(n) (resp. OG(n)) denote Lagrangian (resp. orthogonal) Grassmannian (see below
for the precise definitions). Then by Proposition 1.1, the δ0 is an eigenvalue of [c1(M)] for
LG(n) and OG(n). A direct proof of this also was given in [1].
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Now we state Galkin’s lower bound conjecture.
Conjecture (Galkin’s lower bound conjecture, [8]). For a Fano manifold M, we have
δ0 ≥ dim M + 1,
and the equlity holds if and only if M is the projective space Pn.
Very recently, Galkin’s lower bound conjecure was proved for the Grassmannian [3].
Motivated by this, we have investigated if GLBC holds for LG(n) and OG(n), and have
obtained the following.
Theorem 1.2. GLBC holds for LG(n) and OG(n). To be precise, we have
(1) δ0(LG(n)) ≥ dim LG(n),
(2) δ0(OG(n)) ≥ dim OG(n).
Furthermore, the equality holds for LG(1), OG(1) and OG(2).
Note that LG(1) is none other than the projecive line P1, for which the equality in GLBC
was verified in [3]. However, OG(1) and OG(2) are new examples for which the equality
holds.
To prove the conjecture, as in [3], we use the explicit computation of δ0 made in [1]
together with some calculus. But since the behaviour of δ0 (depending on n) is quite
different from that of the Grassmannian, we take a diffenent calculus apprach to show
Theorem 1.2. At the last part of the article we also make a dirct check on the equlity in
GLBC for OG(1) and OG(2), using the quantum Pieri rule for OG(n).
Acknowledgements. The first author was supported by Basic Science Research Programs
through the National Research Foundation of Korea (NRF) funded by the Ministry of
Education (NRF-2018R1D1A3B07045594).
2. Preliminaries
In this section, we review Q˜- and P˜ -polynomials of Pragacz and Ratajski which represent
cohomology classes of Lagrangian and orthogonal Grassmannians, respectively. The readers
refer to [17] and [15] for details. Let us begin with some combinatorial notations.
2.1. Notations. Fix a positive integer n. A partition λ is a weakly decreasing sequence of
nonnegative integers λ = (λ1, λ2, . . . , λn). The nonzero λi are called the parts of λ. The
number of parts is called the length of λ and is denoted l(λ). The sum
∑n
i=1 λi is called
the weight of λ, and denoted |λ|. Let R(n) be the set of all partitions (λ1, . . . , λn) such
that λ1 ≤ n. A partition λ of length l is called strict if λ1 > · · · > λl. Let D(n) ⊂ R(n) be
the set of all strict partitions (λ1, . . . , λn) such that λ1 ≤ n. We usually write (λ1, . . . , λl)
for a (strict) partition λ = (λ1, . . . , λl, 0, . . . , 0) of length l, if no confusion should arise.
For λ ∈ D(n), λ̂ denotes the partition whose parts complements the parts of λ in the set
{1, ..., n}. To a partition λ, we associate a Young diagram Tλ of boxes (see [4]). Write λ ⊃ µ
if Tλ ⊃ Tµ. For λ, µ with λ ⊃ µ, λ/µ denotes the skew diagram Tλ \ Tµ defined by the
set-theoretic difference. A skew diagram α is a horizontal strip if it has at most one box in
each column. Two boxes in α are connected if they share a vertex or an edge; this defines
the connected components of α.
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2.2. Q˜- and P˜ -polynomials. Let X = (x1, . . . , xn) be an n-tuple of variables. For i =
1, . . . , n, let Ei(X) be the i-th elementary symmetric polynomial in X. The Q˜-polynomials
of Pragacz and Ratajski are indexed by the elements of R(n). For i ≥ j, define
Q˜i,j(X) = Ei(X)Ej(X) + 2
j∑
k=1
(−1)kEi+k(X)Ej−k(X).
For any partition λ, not necessarily strict, and for r = 2 ⌊(l(λ) + 1)/2⌋, let Bλ be the
r × r skewsymmetric matrix whose (i, j)-th entry is given by Q˜λi,λj(X) for i < j. The
Q˜-polynomial associated to λ is defined by
Q˜λ(X) = Pfaffian(Bλ).
P˜ -polynomials are defined as follows. Given λ, not necessarily strict, define
P˜λ(X) := 2
−l(λ)Q˜λ(X).
Note that from the definitions, for λ = (k) with 0 ≤ k ≤ n we have Q˜(k)(X) = Ek(X) =
2P˜(k). We often write Q˜k(X) and P˜k(X) for Q˜(k)(X) and P˜(k)(X), respectively.
3. Quantumtum cohomology
This section is devoted to giving a desctription of the quantum cohomology rins of La-
grangian and orthogonal Grassmannians. The readers can refer to [12, 13] and references
therein for details.
3.1. Lagrangian and orthogonal Grassmannians. Let E = C2n be a complex vector
space. Fix a symplectic form, i.e., a nondegenerate skew symmetric bilinear form Q on E.
A subspace Σ ⊂ E is called isotropic if Q(v,w) = 0 for all v,w ∈ Σ. By a linear algebra, a
maximal isotropic subspace of E, called a Lagrangian subspace, is has a complex dimension
n. Let LG(n) be the parameter space of Lagrangian subspaces in E. Then LG(n) is a
homogeneous manifold Sp2n(C)/Pn of (complex) dimension n(n + 1)/2, where Pn is the
maximal parabolic subgroup of the symplectic group Sp2n(C) associated with the ‘right
end root’ in the Dynkin Diagram of Lie type Cn, e.g., on Page 58 of [10].
To define an orthogonal Grassmannian, fix a symmetric bilinear form Q on E = CN .
A maximal isotropic subspace of has complex dimension ⌊N2 ⌋. For a positive integer n,
let OGo(n) (resp. OGe(n + 1)) be the parameter space of maximal isotropic subspaces in
E = C2n+1 (resp. E = C2n+2). Then the odd orthogonal Grassmannian OGo(n) is a homo-
geneous variety SO2n+1(C)/Pn of dimension n(n+1)/2, where Pn is the maximal parabolic
subgroup of SO2n+1(C) associated with a ‘right end root’ of the Dynkin diagram of type Bn.
The variety OGe(n+1) has two isomorphic components. Fix one component of OGe(n+1)
for which we write OGe(n+1)′. Then the even orthogonal Grassmannian OGe(n+ 1)′ is a
homogeneous variety SO2n+2(C)/Pn+1, where Pn+1 is the maximal parabolic subgroup of
SO2n+2(C) associated with the ‘right end root’ of the Dynkin diagram of Lie type Dn+1. It
is well-known that two varieties OGo(n) and OGe(n+ 1)′ are isomorphic to each other. In
what follows, we will identify these two varieties, write
OG(n) := OGo(n) = OGe(n+ 1)′.
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3.2. Quantum cohomology of LG(n). The (quantum) cohomology ring of a homoge-
neous manifold G/P can be best described in terms of the Schubert classes, which are, in
turn, given by the Schubert varieties of G/P. For LG(n), the Schubert varieties are defined
as follows. Let E = C2n be a vector space with a symplectic form Q. Fix a complete
isotropic flag F. of subspaces Fi of E:
F. : 0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn ⊂ E,
where dim(Fi) = i for each i, and Fn is Lagrangian. For λ ∈ D(n), the Schubert variety
Xλ(F.) associated with λ is defined as
(3.1) Xλ(F.) =
{
Σ ∈ LG(n) | dim(Σ ∩ Fn+1−λi) ≥ i for i = 1, ..., l(λ)
}
.
Then Xλ(F.) is a subvariety of LG(n) of complex codimension |λ|. The Schubert class
associated with λ is defined to be the cohomology class, denoted by σλ, Poincare´ dual to
the homology class [Xλ(F.)], so σλ ∈ H2|λ|(LG(n),Z). It is a classical result that {σλ | λ ∈
D(n)} forms an additive basis for H∗(LG(n),Z). It is conventional to write σi for σ(i).
A rational map of degree d to LG(n) is a morphism f : P1 → LG(n) such that∫
LG(n)
f∗[P1] · σ1 = d.
Given an integer d ≥ 0 and partitions λ, µ, ν ∈ D(n), the Gromov-Witten invariant <
σλ, σµ, σν >d is defined as the number of rational maps f : P
1 → LG(n) of degree d such
that f(0) ∈ Xλ(F.), f(1) ∈ Xµ(G.), and f(∞) ∈ Xν(H.), for given isotropic flags F., G.,
and H. in general position. We remark that < σλ, σµ, σν >d is 0 unless |λ| + |µ| + |ν| =
dim(LG(n)) + (n + 1)d. The quantum cohomology ring qH∗(LG(n),Z) is isomorphic to
H∗(LG(n),Z) ⊗ Z[q] as Z[q]-modules, where q is a formal variable of degree (n + 1) and
called the quantum variable. The multiplication in qH∗(LG(n), Z) is given by the relation
(3.2) σλ ⋆ σµ =
∑
< σλ, σµ, σνˆ >d σνq
d,
where the sum is taken over d ≥ 0 and partitions ν with |ν| = |λ|+ |µ| − (n+ 1)d.
Now we a give a presentation of the ring qH∗(LG(n),Z) and the quantum Pieri rule,
both due to Kresch and Tamvakis [12].
Theorem 3.1 ([12]). The quantum cohomology ring qH∗(LG(n),Z) is presented as a quo-
tient of the polynomial ring Z[σ1, ..., σn, q] by the relations
σ2i + 2
n−i∑
k=1
(−1)kσi+k ⋆ σi−k = (−1)n−iσ2i−n−1q
for 1 ≤ i ≤ n.
Notation 1. For partitions λ, µ ∈ R(n) with µ ⊃ λ, let N(λ, µ) denote the number of
connected components of µ/λ not meeting the first column, and let N ′(λ, µ) be one less
than the number of connected components of µ/λ.
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Proposition 3.2 (Quantum Pieri Rule for LG(n), [12]). For any λ ∈ D(n) and k > 0, we
have
σk ⋆ σλ =
∑
µ
2N(λ,µ)σµ +
∑
ν
2N
′(ν,λ)σνq,
where the first sum is over all partitions µ ⊃ λ with |µ| = |λ| + k such that µ/λ is a
horizontal strip, and the second is over all strict ν contained in λ with |ν| = |λ|+ k− n− 1
such that λ/ν is a horizontal strip.
Example 1. When n = 1, the Schubert basis elements are σ0 and σ1. By the quantum Pieri
rule, we have
(1) σ1 ⋆ σ0 = σ1,
(2) σ1 ⋆ σ1 = q.
Example 2. When n = 2, the Schubert basis consists of σ0, σ1, σ2, σ(2,1). The quantum
multiplication by σ1 is computed as follows.
(1) σ1 ⋆ σ0 = σ1,
(2) σ1 ⋆ σ1 = 2σ2,
(3) σ1 ⋆ σ2 = σ(2,1) + q,
(4) σ1 ⋆ σ(2,1) = σ1q.
3.3. Quantum cohomology of the orthogonal Grassmannian. The quantum coho-
mology ring of OG(n) can be defined in the same way as that of LG(n).We proceed with the
orthogonal Grassmannian OG(n) = OGo(n). Let E be a complex vector space of dimension
2n+ 1 equipped with a nondegenerate symmetric form. Fix a complete flag:
F. : 0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn ⊂ E.
For λ ∈ D(n), the Schubert variety Xλ(F.) is defined by the same equation (3.1) as in the
above. The Schubert class τλ is defined as a cohomology class Poincare´ dual to [Xλ(F.)].
Then τλ ∈ H2l(λ)(OG(n),Z), and the cohomology classes τλ, λ ∈ D(n), form a Z-basis for
H∗(OG(n),Z).
For OG(n), the Gromov-Witten invariants are defined similarly. Given an integer d ≥ 0,
and λ, µ, ν ∈ D(n), the Gromov-witten invariant < τλ, τµ, τν >d is defined as the number
of rational maps f : P1 → OG(n) of degree d such that f(0) ∈ Xλ(F.), f(1) ∈ Xµ(G.),
and f(∞) ∈ Xν(H.), for given isotropic flags F., G., and H. in general position. Note that
< τλ, τµ, τν >d= 0 unless |λ| + |µ| + |ν| = deg(OG(n)) + 2nd. The quantum cohomology
ring of OG(n) is isomorphic to H∗(OG(n),Z)⊗Z[q] as Z[q]-modules. The multiplication in
qH∗(OG(n),Z) is given by the relation
(3.3) τλ ⋆ τµ =
∑
< τλ, τµ, τνˆ >d τνq
d,
where the sum is taken over d ≥ 0 and partitions ν with |ν| = |λ|+ |µ| − 2nd.
Theorem 3.3 ([13]). The ring qH∗(OG(n),Z) is presented as a quotient of the polynomial
ring Z[τ1, ..., τn, q] modulo the relations τi,i = 0 for i = 1, ..., n−1 together with the quantum
relation τ2n = q, where
(3.4) τi,i := τ
2
i + 2
i−1∑
k=1
(−1)kτi+k ⋆ τi−k + (−1)iτ2i.
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Proposition 3.4 (Quantum Pieri Rule for OG(n), [13]). . For any λ ∈ D(n) and k > 0,
we have
τk ⋆ τλ =
∑
µ
2N
′(λ,µ)τµ +
∑
µ⊃(n,n)
2N
′(λ,µ)τµ\(n,n)
where both sums are over µ ⊃ λ with |µ| = |λ|+ k such that µ/λ is a horizontal strip, and
the second sum is restricted to those µ with two parts equal to n.
For a later use, we compute the followings.
Example 3. When n = 1, the Schubert basis elements are τ0 and τ1. By the quantum Pieri
rule, we have
(1) τ1 ⋆ τ0 = τ1,
(2) τ1 ⋆ τ1 = q.
Example 4. When n = 2, the Schubert basis consists of τ0, τ1, τ2, τ(2,1). The quantum
multiplication by τ1 is computed as follows.
(1) τ1 ⋆ τ0 = τ1,
(2) τ1 ⋆ τ1 = τ2,
(3) τ1 ⋆ τ2 = τ(2,1),
(4) τ1 ⋆ τ(2,1) = q.
4. Quantum multiplication operators
In this section, we give a description of eigenvalues of the quantum multiplication oper-
ators on H⋆(M,C). See [1] for more details.
4.1. Notations. For n = 2m+ 1, let
Tn := {J = (j1, . . . , jn) ∈ Zn | −m ≤ j1 < · · · < jn ≤ 3m+ 1},
and for n = 2m, let
Tn :=
{
J = (j1, . . . , jn) ∈
(
Z+
1
2
)n ∣∣ −m+ 1
2
≤ j1 < · · · < jn ≤ 3m− 1
2
}
.
For J = (j1, . . . , jn) ∈ Tn and ζ := exp
(
π
√−1
n
)
, we write
ζJ := (ζj1 , . . . , ζjn).
Let In be a subset of Tn defined as
In :=
{
J = (j1, . . . , jn) ∈ Tn | ζjk 6= −ζjl for k 6= l
}
.
Note that
∏
k ζ
jk = ±1 for J = (j1, . . . , jn) ∈ In. We put
Ien :=
{
J ∈ In
∣∣ ∏
k
ζjk = 1
}
.
We can easily check that |In| = 2n = |D(n)|, and |Ien| = 2n−1.
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4.2. Eigenvalues of c1(M). ForM = LG(n), orOG(n), letH
⋆(M ;C) be the specialization
of the (complexified) quantum ring qH∗(M,C) at q = 1, i.e.,
H⋆(M ;C) := qH∗(M,C)/ < q − 1 > .
Then H⋆(LG(n);C) (resp. H⋆(OG(n);C)) is a complex vector space of dimension 2n with
a Schubert basis {σλ | λ ∈ D(n)} (resp. {τλ | λ ∈ D(n)}).
For each I ∈ Ien+1, let
σI =
∑
ν∈D(n)
Q˜ν(δζ
I))σνˆ ,
where δ = (12)
1
n+1 ,
Theorem 4.1. For λ ∈ D(n), the operator [σλ] on H⋆(LG(n),C) has eigenvectors σI with
eigenvalues Q˜λ(δζ
I). In fact, {σI | I ∈ Ien+1} forms a simultaneous eigenbasis of the vector
space H⋆(LG(n),C) for the operators [F ] with H⋆(LG(n),C).
For each I ∈ In, let
τI =
∑
ν∈D(n)
P˜ν(ǫζ
I))τνˆ ,
where ǫ = (2)
1
n .
Theorem 4.2. For λ ∈ D(n), the operator [τλ] on H⋆(OG(n),C) has eigenvectors τI with
eigenvalues P˜λ(ǫζ
I). In particular, {τI | I ∈ In} forms a simultaneous eigenbasis of the
vector space H⋆(OG(n),C) for the operators [F ] with F ∈ H⋆(OG(n),C).
The following result is due to Rietsch.
Lemma 4.3 ([18], p. 542). The evaluation E1(ζ
I0) is a positive real number which is equal
to E1(ζ
I0) = 1sin(π/2n) .
The first Chern classes of OG(n) and LG(n) , respectively, are given as follows (see [5],
Lemma 3.5):
c1(OG(n)) = 2nτ1 and c1(LG(n)) = (n+ 1)σ1.
By this fact, together with Theorems 4.1, 4.2 and Lemma 4.3, we obtain
Corollary 4.4. The maximal modulus eigenvalues δ0 = δ0(M) for M = LG(n), OG(n) are
given as follows.
(1) For LG(n),
δ0 = 2
− 1
n+1 (n + 1)
(
sin
π
2(n + 1)
)−1
.
(2) For OG(n),
δ0 = 2
1
n n
(
sin
π
2n
)−1
.
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5. Proof of the main results
Recall that
dim LG(n) = dim OG(n) =
n(n+ 1)
2
.
To ease notation, write
d(n) =
n(n+ 1)
2
+ 1.
Proving Galkin’s lower bound conjecture for LG(n) and OG(n) is reduced to showing that
for each of two δ0s, holds the inequality
δ0 ≥ d(n).
To show these inequalites, we use a “polynomial approximation to the inequalities”.
Lemma 5.1. Let f(x) = 2x − 2x(2x2 − x + 1) sin πx2 . Then we have f(x) ≥ 0 for all
x ∈ (0, 13 ].
Proof. Note that if x ∈ (0, 13 ], then π2 2x ≤ π22
1
3 ≤ 2. Thus we have
f(x) ≥ 2x− 2x(2x2 − x+ 1)πx
2
≥ 2x− 2x(2x2 − x+ 1) := u(x),
where we used the inequality sin y ≤ y for all y.We can check that u′(x) ≥ 0 and hence u(x)
is increasing on (0, 13 ]. Since u(0) = 0, we have u(x) ≥ 0 and hence h(x) ≥ 0 on (0, 13 ]. 
Lemma 5.2. Let
h(x) = 2x+1x− (2x2 + x+ 1)sinx
2
π.
Then we have h(x) ≥ 0 for all 0 ≤ x ≤ 16 .
Proof. Note that sinx2π ≤ πx2 and π2 ≤ 1811 , h(x) ≥ 2x− 1811(2x2 + x+1)x =: v(x). But, as in
the above, we can easily check: v(x) ≥ 0 and hence h(x) ≥ 0 for all 0 ≤ x ≤ 16 . 
Proof. 
Theorem 5.3. Galkin’s lower bound conjecture holds, i.e., δ0 ≥ d(n), for LG(n) and
OG(n), and the equality δ0 = d(n) holds for LG(1), OG(1) and OG(2).
Proof. Case of LG(n) :
For n ≥ 2, the inequality δ0 ≥ d(n) follows from the inequality in Lemma 5.1 with x = 1n+1 ;
f
( 1
n+ 1
) ≥ 0.
For n = 1, we check that the equality, not a strict inquality, holds;
δ0 = 2 = d(1).
Case of OG(n) :
If n ≥ 6, the inquality follows from the inequality in Lemma 5.2 with x = 1n ;
h
( 1
n
) ≥ 0.
The remaining cases can be checked by hands or a calculator as follows.
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(1) if n = 1, then δ0 = 2 = d(1),
(2) if n = 2, then δ0 = 4 = d(2),
(3) if n = 3, then δ0 ≈ 7.55 ≥ d(3) = 7,
(4) if n = 4, then δ0 ≈ 12.43 ≥ d(4) = 11,
(5) if n = 5, then δ0 ≈ 26.02 ≥ d(5) = 22.

5.1. For the equality in GLBC. Note that OG(1) and OG(2) are new examples for
which the equality holds. This can also be directly checked as follows.
For M = OG(1), fix the ordered basis B1 = {τ0, τ1} for H⋆(M,C). Then by Example 3, the
matrix of [c1(M)] with respect B1 is given by
(5.5) A1 =
(
0 2
2 0
)
.
Then the eigenvalues of A1 are 2,−2, and hence we have
δ0 = 2 = dim OG(1) + 1.
For M = OG(2), using Example 4, the matrix of [c1(M)] with respect to the ordered
basis B2 = {τ0, τ1, τ2, τ(2,1)} is given by
(5.6) A2 =


0 0 0 4
4 0 0 0
0 4 0 0
0 0 4 0

 .
The eigenvalues of A2 are ±4,±4
√−1. Thus in this case we have
δ0 = 4 = dim OG(2) + 1.
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